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Geomagnetic Attitude Control of Satellites
Using Generalized Multiple Scales

Tiauw Hiong Go¤ and Rudrapatna V. Ramnath†

Massachusetts Institute of Technology, Cambridge, Massachusetts 02139

The dynamics of single- and dual-spin satellites utilizing geomagnetic attitude control with speci� c control laws
are analyzed. Stability criteria and approximate descriptions of the motion of the satellite are obtained in an
analytical parametric form using the generalized multiple scales method. By means of this method, the rapid and
slow parts of the dynamics are systematically separated, leading to insight into the nature of the system. Finally, a
good agreement between the analytical approximations and numerical solutions is demonstrated.

I. Introduction

T HE techniques of controlling the attitude of a satellite by us-
ing the interactionbetween the satellite and the environmental

magnetic � eld are attractive because they eliminate the need for the
control propellant, which usually limits the lifetime of a satellite.
The control torque can be generated by passing electric currents
through a coil; the currents then produce a magnetic dipole. The
desired control torque is then generated by the interaction of this
magnetic dipole with the geomagnetic � eld. Such a simple genera-
tion of control torques results in enhanced system reliability.

The major challengesin themagneticattitudecontrolfor satellites
are the developmentof the control law and the predictionof the per-
formance of the system under the speci� c control law. Even though
the concept of the magnetic attitude control itself is relatively sim-
ple, the resulting dynamic equationsof the satellite system utilizing
this type of control are quite complicateddue to the varying magni-
tude of the geomagnetic� eld experiencedby the satellite from time
to time in its orbit. In general, this necessitates the analysis of the
system equations with time-varying coef� cients.

Several investigations on this subject have been reported.1¡8

In Refs. 1–5, single-spin axisymmetric satellites are considered.
Renard1 and Lindorfer and Muhlfelder2 described the open-loop
magnetic attitude control laws, which are commanded from the
ground. Wheeler3 developed a closed-loop magnetic control law
for active nutation damping of a spinning axisymmetric satellite.
Sorensen4 and Shigehara5 also dealtwith feedbackmagneticcontrol
systems of an axisymmetric spinningsatellite. In Ref. 4 a minimum
energycontrol law is developed,whereas in Ref. 5 switching control
is used. The dual-spinsatellite cases are reported in Refs. 6–8. Goel
and Rajaram6 investigateda magneticcontrol system for a dual-spin
satellite in a near-equatorialorbit, where the geomagnetic� eld vari-
ation is neglected. The linearized governing equations are time in-
variantand,hence, standardcontrol theorycan be applied.Alfriend7

studiedthegeomagneticcontrol system for a dual-spinsatellite in an
orbit at any inclination.He applied the multiple time scales (MTS)
method (with linear scales) for his analysis and was able to obtain a
stability criterion for a speci� c control law. His analysis, however,
was based on the assumption that the Earth is nonrotating, so that
some of the resultsare valid only for satellites in low-altitudeorbits.
Another more general work is by Stickler and Alfriend8 in which
the use of magnetic attitude control for initial acquisition and for
on-orbit control of a dual-spin satellite is also discussed.

This paper describesa closed-loopmagnetic attitude control sys-
tem using a speci� c control law with single- and dual-spin satellite
con� gurations. In the single-spin satellite case, this work differs
from the previous ones by the use of a different control law with
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a general asymmetric satellite spun about an axis of maximum or
minimum moment of inertia. Thus, the results obtained are more
general and subsume the axisymmetric satellite as a special case.
In the dual-spin case, besides the difference in the control law, we
also include the Earth rotation effect. Hence, the results obtained
are not limited to low-orbit satellites only but can also be applied
to medium- or high-altitude satellites, depending on the validity of
the Earth’s magnetic model.

In general, the dif� culties in analyzing the properties of the mag-
netic attitude control system arise from the fact that no relatively
easy methodsare availablefor analyzinga time-varyingsystem.The
MTS method used by Alfriend7 to study the geomagnetic control
system of a dual-spin satellite is promising because it provides not
only the approximate solutions of a problem but also physical in-
sight. However, only linear scales are used in the MTS approach.
The MTS approach has been generalized by Ramnath et al.9 and
Ramnath and Sandri10 in the generalized multiple scales (GMS)
method to also include nonlinear and complex scales. The GMS
method is used in the present analysis.

II. Control Law
The purpose of the magnetic attitude control considered is to

maintainthepitchaxisof thesatellitein its nominaldirection,normal
to the satellite’s orbital plane. The magnetic torque is produced
by the interaction between the geomagnetic � eld and the onboard
magnet. We assume that the magnet used for attitude control is a
magnetic dipole Mc aligned with the pitch axis of the satellite. The
strength of the magnetic dipole is determined by the control law

Mc D [K1 Bv v ¡ K2(Bw
Pv ¡ B v

Pw )] ih ´ Mc i h (1)

where K1 and K2 are constant control gains and v and w are pertur-
bation angles around the x and y axes of the satellite, respectively,
as de� ned later. B v and B w are the components of the geomagnetic
� eld vector in the x and y axes, respectively, and ih is a unit vector
in the direction of the pitch axis of the satellite. This control law
requires some angular and angular rate sensors and also some mag-
netosensors to measure the magnitude of some components of the
geomagnetic � eld.

This form of the control law is used in both the single- and dual-
spin satellites considered. Note, however, that although the control
laws used in the two cases appear to be similar, they are actually
different, inasmuch as the de� nitionsof body-� xed axes are slightly
different, as will be described later.

We will � rst consider spinning asymmetric satellites.

III. Spinning Asymmetric Satellites
A. Equations of Motion

The coordinate systems employed in the analysis are described
next.The Earth is assumed to have a � xed position in space. X I YI Z I

is the geocentric inertial coordinate system. The X I and Y I axes lie
in the equatorial plane, and the Z I axis is aligned with the Earth’s
polar axis. The orbiting coordinate system XoYo Zo has its origin at
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the center of mass of the satellite. The Xo axis lies on the satellite’s
orbital plane and points radially outward. The Yo axis also lies in
the satellite’s orbital plane and is in the direction of the motion
of the satellite’s center of mass, perpendicular to the Xo axis. The
Zo axis completes the right-handed Cartesian coordinate system
and, thus, is normal to the orbital plane. Note that the orientation
of this coordinate system is independent of the orientation of the
satellite. The body-� xed coordinate system XbYb Zb also has its
origin at the center of mass of the satellite, and the axes Xb , Yb ,
and Zb coincidewith the satellite principal axes. We will denote the
principal moments of inertia of the satellite about Xb , Yb , and Zb

as Ix , Iy , and Iz respectively.Because the pitch motion is assumed
to be nominal, the v and w angles describe the perturbations with
respect to the nominal positionof the body-� xed coordinatesystem.

The orbit of the satellite is assumed to be circular, and thus the
orbital angular speed \ is constant. The satellite is also considered
to be rigid and may have no axis of symmetry. The spin axis of
the satellite is the Zb axis, and in the nominal condition this axis is
normal to the satellite’s orbital plane. We assume that the spin axis
is the principal axis of maximum or minimum moment of inertia.
Also the spin rate x s of the satellite is assumed to be constant. This
assumptionalso implies that the pitchmotionof the satellite is under
control such that its nominal motion can always be attained. The
geomagnetic� eld is assumed to be representedby a tilted magnetic
dipole passing through the center of the Earth. This magnetic dipole
is � xed to the Earth at an angle c (¼11.4 deg) with respect to the
Earth’s polar axis. With this model, the geomagnetic � eld vector is
given by11

B D l b R5 R2 im ¡ 3(im ¢ R)R (2)

where l b D 7.943 £ 1015 weber ¢ m is the geomagnetic dipole
moment, R is the radius vector with its magnitude R, and im is the
unit vector in the opposite direction to the dipole moment vector.

The magnetic control torque exertedon the satellite is Lc D Mc £
Bb , where Mc is givenby the control law (1) and Bb ´ [B v Bw Bh ]T

is the geomagnetic� eld vector expressed in the body-� xed axes. By
includingthis control torqueand assumingsmall angles and angular
rates, the equations of motion of the satellite are given by

Rv C (K2/ Iy )B2
w

Pv C r1( x s C \ )2 ¡ (K1/ Iy)Bv Bw v

C [(1 ¡ r1)( x s C \ ) ¡ (K2/ Iy)B v B w ] Pw D 0 (3)

Rw C (K2/ Ix )B2
v

Pw C r2( x s C \ )2 w ¡ [(1 ¡ r2)( x s C \ )

C (K2/ Ix )B v B w ] Pv C (K1/ Ix )B2
v v D 0 (4)

where

r1 ´
Iz ¡ Ix

Iy
, r2 ´

Iz ¡ Iy

Ix

(5)

Bv and B w are quasiperiodicand depend on the angle of inclina-
tion i of the satellite orbit and the angle u between the line of the
ascending node and the projection of the negative magnetic dipole
vector onto the equatorial plane. Clearly, by the assumption that the
spin axis is the axis of maximum or minimum moment of inertia, r1

and r2 are both positive or negative, respectively. Further, because
the inertia properties of a body obey the triangle inequality, r1 and
r2 both lie between 0 and 1. Other disturbancetorques such as those
due to gravity gradient are neglected in the present analysis.

Because the satellite’s spin rate is normally much larger than the
orbital angular speed, we have

\ / x s D ², 0 < j²j ¿ 1 (6)

Without loss of generality we assume that at t D 0, the satellite is
at the ascending node and u D 0, so that we can write

\ t D ²Nt (7)

u D x e t D n²Nt (8)

where Nt ´ x s t is a nondimensional time and n ´ x e/ \ is the
ratio of the Earth’s spin rate and the orbital angular speed of the

satellite. This ratio is a small number for a low-orbit satellite and is
1 for a geosynchronoussatellite.The magnitudeof the geomagnetic
� eld is relatively small. For example, at a 500-km altitude orbit,
Bo(D l b/ R3) is of the order of 10¡5 in SI units. Therefore, it is
reasonable to de� ne K ¤

1 and K ¤
2 as follows:

K1 B2
o

Ix Iy x 2
s

D ²K ¤
1 ,

K2 B2
o

Ix Iy x s

D ²K ¤
2 (9)

where K ¤
1 and K ¤

2 are assumed to be of O(1). Using this parame-
terization and by means of cross differentiation and elimination of
terms, the equationsof motion for v can be written in the decoupled
form

v (4) C ²P1(Nt ) v (3) C P2(Nt ) v (2) C ²P3(Nt ) v (1) C P4(Nt ) v D 0 (10)

where

P1(Nt ) D K ¤
2 (a C b) f1(²Nt ) ¡ a ¡ b C 4b

1 ¡ r1

£ [ f2(²Nt) cos 2Nt ¡ f3(²Nt) sin2Nt ] C O(²)

´ p11(Nt ) C O(²)

P2(Nt ) D 1 C r1r2 C ² 2 C r2 C 2r1r2

C K ¤
1 b C K ¤

2 a(1 ¡ r1) ¡ b(3 C r2) C
b(4 C r2)

1 ¡ r1

£ [ f2(²Nt) sin2Nt C f3(²Nt) cos2Nt ] C O(²2)

´ p21(Nt ) C ²p22(Nt) C O(²2)

P3(Nt ) D K ¤
2 (ar1 C br2) ¡ K ¤

1 a(1 ¡ r1) f1(²Nt )

C K ¤
1 [a(1 ¡ r1) C 4b] ¡ K ¤

2 a(2 ¡ r1) C b(2 C r2)

C 2b(1 C r1 ¡ r2 C r1r2)

1 ¡ r1

£ [ f2(²Nt) cos 2Nt ¡ f3(²Nt) sin2Nt ] C O(²)

´ p31(Nt ) C O(²)

P4(Nt ) D r1r2 C ² 5r1r2 C K ¤
2 2ar1 C

br1(4 C r2)
1 ¡ r1

¡ K ¤
1 [2a(1 ¡ r1) C b(4 ¡ r2)] [ f2(²Nt ) sin 2Nt

C f3(²Nt ) cos 2Nt ] C O(²2)

´ p41(Nt ) C ²p42(Nt ) C O(²2) (11)

with a D
p

(Ix / Iy) and b D
p

( Iy / Ix ). Here ( )(i) denotes the i th
derivative with respect to Nt. In the preceding equations, f1 , f2, and
f3 are quasiperiodicfunctions with a period approachingthat of the
satellite’s orbit.

The coef� cients of this equation vary quasiperiodically in time,
and their frequencies are a mixture of relatively high (due to satel-
lite’s spin) and low frequencies (due to orbital motion). One can
also observe that some of the coef� cients are of O(1) and some
are small [of O(²)]. The exact solutions of Eq. (10) cannot be ob-
tained in general. A simplistic approach by neglecting the terms
with small coef� cients will lead to the equations of free rigid-body
motion; hence, the result is not very useful.An asymptoticapproach
using the GMS method is used for the dynamic analysis.
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B. Dynamic Analysis Using the GMS Method
The GMS method, developed in Refs. 9 and 10, is an asymptotic

methoddesignedto obtainapproximatesolutionsof a dynamicprob-
lem in limitingcases.The approachis basedon the conceptof exten-
sion, by which the independentvariable, time, is extended into a set
of new independenttimelike variables,which are called time scales.
Each time scale captures a speci� c behavior of the system (fast or
slow). The differencebetween the GMS and the MTS method is that
in GMS the time scales can be nonlinear (correspondingto acceler-
ating clocks) and/or complex, whereas in MTS the time scales are
linear. Therefore, the results from the GMS approach, in general,
are better than the ones from the MTS because the GMS approach
can employ the natural scales of the system that may not be linear.
For a more detailed discussion on GMS, see Refs. 9 and 10.

Two time scalesare used in the presentanalysis,and as per Refs. 9
and 10, the independent and dependent variables are extended as
follows: Nt ! f t 0, t 1g and v (NtI ²) ! v ( t 0, t 1I ²), where t 0 D Nt and
t 1 D ² k(Nt) dNt . The clock functionk(Nt ) is determinedin the course
of the analysis. By this extension, the � rst two dominant equations
obtained are

O(²0):
¶ 4 v

¶ t 4
0

C (1 C r1r2)
¶ 2 v

¶ t 2
0

C r1r2 v D 0 (12)

O(²): k 000 ¶ v

¶ t 1
C 3k00 ¶ 2 v

¶ t 0 ¶ t 1
C p21k

0 ¶ v

¶ t 1
C 5k 0 ¶ 3 v

¶ t 2
0 ¶ t 1

C 2p21k
¶ 2 v

¶ t 0 ¶ t 1
C 4k

¶ 4 v

¶ t 3
0 ¶ t 1

C p11( t 0)
¶ 3 v

¶ t 3
0

C p31( t 0)
¶ v

¶ t 0
C p22( t 0)

¶ 2 v

¶ t 2
0

C p42( t 0) v D 0 (13)

The dominant-order equation [Eq. (12)] yields

v ( t 0 , t 1) D A1( t 1)e
j t 0 C A2( t 1)e

j
p

r1r2 t 0 C cc (14)

where j D
p

(¡1) and cc denotes the complex conjugates of the
preceding terms. In this case, the dominant motion consists of two
oscillatory modes with the dominant frequencies of 1 and

p
(r1r2).

These frequencies correspond to the approximate natural frequen-
cies of the torque-free rigid-body motion. In fact, if A1 and A2 are
constant, Eq. (14) becomes the O(²) approximation of the torque-
free rigid-body motion. Thus, the magnetic attitude control system
will mainly in� uence the amplitude and only slightly alter the fre-
quencyof the motion.The amplitude and frequencycorrectionsdue
to the magnetic control come from the subdominant-orderanalysis.
For convenience, the two independent solutions of Eq. (14) are re-
ferred to as the � rst mode and the second mode, respectively.Note
that the maximum limiting value of r1r2 is 1, so that, in general,
the second mode has lower frequency than the � rst mode. In the
following, the � rst and second modes are studied separately.

1. First Mode
By substituting the � rst mode into the subdominant-orderequa-

tion [Eq. (13)] and then separating the variables, the following pair
of amplitude and clock equations are obtained:

A1( t 1) D NA10 e
¡ t 1 , NA10 D arbitraryconst (15)

k 000
1 ¡ (4 ¡ r1r2)k0

1 C j [3k 00
1 ¡ 2(1 ¡ r1r2)k1]

D M1 C M2(²t 0) cos 2 t 0 C M3(²t 0) sin 2t 0

C j [N1 C N2(²t 0) cos 2 t 0 ¡ N3(² t 0) sin 2t 0 C N4(²t 0)] (16)

where

M1 D 3r1r2 ¡ r2 ¡ 2

N1 D ¡ 5
2

a(1 ¡ r1)K ¤
1 ¡ [a(1 ¡ r1) C b(1 ¡ r2)]K ¤

2 U
(17)

with

U D 1
4

sin2 c (1 C cos2 i ) C 1
2

cos2 c sin2 i (18)

It is clear that U is always positive and is constant for a particular
orbit. Note that M1 and N1 are constant, whereas M2, M3 , N2 , N3,
and N4 are slowly quasiperiodic functions.

In most applications, only the particular solution of k( t 0) is im-
portant becausewe always have the freedom to take the coef� cients
of the homogeneous solution to be zero. However, the possibility
of resonance has to be examined. By resonance we mean that the
inhomogeneous terms (terms in the right-hand side of the differen-
tial equation) contain the same type of functionas the homogeneous
solution so that secular, i.e., asymptotically nonuniform, terms are
produced in the particular solution. If such terms exist, further anal-
ysis is needed. The homogeneous solution of Eq. (16) is

kh1( t 0) D
3X

i D 1

Ciesi t 0 (19)

where Ci, i D 1, 2, 3, are arbitraryconstants (which will be taken to
be zero later) and si, i D 1, 2, 3, are the roots of the characteristic
equation of the differential Eq. (16),

s3 C 3 j s2 ¡ (4 ¡ r1r2)s ¡ 2 j (1 ¡ r1r2) D 0 (20)

In general, the homogeneous solution is of the form

e<(si ) t 0 [cos =(si) t 0 C j sin =(si) t 0]

with <(si) and =(si) denoting the real part and the imaginarypart of
si, respectively.Examination of Eq. (20) reveals that the resonance
occurs only near the limiting case r1r2 D 1. The GMS approxima-
tion is not valid near the resonance condition [1 ¡ r1r2 D O(²)]
because the clock function will be of O(1/ ²) and, hence, the or-
dering of the extended equation of motion is rendered invalid. For
the approximation to be accurate, 1 ¡ r1r2 À O(²). Because the
nutation frequency of the rigid body is ( x s C \ )

p
(r1r2), the pre-

ceding requirementmeans physically that the approximationfor the
� rst mode is accurate if the nutation frequencyis signi� cantly lower
than the spin frequency.

By the earlier argument, it is possible to construct a stability
criterion for the � rst mode without actually solving Eq. (16). From
Eq. (15), it is clear that the stabilityof the � rst mode is determinedby
the constant real part of k( t 0), which appears due to the contribution
of N1. The constant real part of k( t 0) is

kr1 D 5

2

a(1 ¡ r1)K ¤
1 C [a(1 ¡ r1) C b(1 ¡ r2)]K ¤

2

2(1 ¡ r1r2)
U (21)

Because U is a positive constant and 0 < r1r2 < 1, then for asymp-
totic stability,

a(1 ¡ r1)K ¤
1 C [a(1 ¡ r1) C b(1 ¡ r2)] K ¤

2 > 0 (22)

To predict the response of the � rst mode, the approximate solu-
tion for k( t 0) will now be constructed. The slowly periodic factor
[Mi(²t 0) and Ni(² t 0)] in the inhomogeneous terms, which is simi-
lar to Mi(²t 0) sin 2t 0, will be treated as a constant in the integration
step because for each cycle of the fast periodic factor the variation
of the slowly periodic factor is very small. By doing so, we obtain
the approximate response of the � rst mode as follows:

v 1(Nt) D A10 exp ²kr1
Nt C ²<

Z
k¤

1 (Nt ) dNt

£ sin Nt C ²=
Z

k¤
1 (Nt ) dNt C h 10 (23)

where A10 and h 10 are constants to be determined from the initial
conditions and k¤

1 (Nt ) D k1(Nt) ¡ kr1 (Nt), which is periodic.

2. Second Mode
In a similar way, the pair of amplitude and clock equations ob-

tained for the second mode are

A2 D NA20 e
¡ t 1 , NA20 D arbitrary const (24)
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k 000
2 C (1 ¡ 4r1r2)k

0
2 C j [3

p
r1r2k 00

2 ¡ 2
p

r1r2(1 ¡ r1r2)k2]

D V1 C V2(² t 0) cos 2t 0 C V3(²t 0) sin 2 t 0

C j [W1 C W2(²t 0) cos 2 t 0 ¡ W3(²t 0) sin 2 t 0 C W4(²t 0)] (25)

where

V1 D 3r1r2 ¡ r1r
2
2 ¡ 2r 2

1r 2
2

(26)
W1 D 5

2
¡a(1 ¡ r1)K ¤

1 C [ar1(1 ¡ r2) C br2(1 ¡ r1)]K
¤
2 U

The homogeneous solution of Eq. (25) is of the same form as
Eq. (19), where si are the roots of the characteristic equation

s3 C j3
p

r1r2s2 C (1 ¡ 4r1r2)s C 2 j
p

r1r2(1 ¡ r1r2) D 0 (27)

The resonance condition in this case is only possible for r1r2 ¼
0 and r1r2 ¼ 1. As in the � rst mode, the GMS analysis is not
accurate in the near-resonance condition, which is r1r2 D O(²) or
1¡r1r2 D O(²) because,for this condition,the clock functionk2( Nt )
is of O(1/ ²). The approximation for the second mode is accurate
for r1r2 À O(²) and 1 ¡ r1r2 À O(²). Physically, this means that
the nutation frequency must be signi� cantly higher than the orbital
frequency but signi� cantly lower than the spin frequency.

The right-hand side of Eq. (25) consists of constant and periodic
terms. Hence, in the nonresonancecondition,the particular solution
of k( t 0) will also consist of constant and periodic terms. From the
expression for the amplitude of the second mode [Eq. (24)], we
deduce that the stability of this mode is determined by the constant
real part of the particular solution of k( t 0),

kr2 D 5

2

[ar1(1 ¡ r2) C br2(1 ¡ r1)]K ¤
2 ¡ a(1 ¡ r1)K ¤

1

2(1 ¡ r1r2)
U (28)

For the second mode to be asymptotically stable, kr2 must be posi-
tive. Because U is a positive constant, then the criterion for asymp-
totic stability of the second mode is as follows:

a(1 ¡ r1)K ¤
1 < [ar1(1 ¡ r2) C br2(1 ¡ r1)] K ¤

2 (29)

This stability criterion together with the one for the � rst mode
[Eq. (22)] must be satis� ed to get an asymptoticallystable roll mo-
tion. Note that these criteria lead to slightly different control condi-
tions when the spin axis is along the axis of maximum or minimum
moment of inertia.

Simplifying assumptions,as in the case of the � rst mode, are also
used to obtain the approximate expression for k( t 0). The resulting
approximate second mode response is

v 2(Nt) D A20 exp ²kr2
Nt C ²<

Z
k¤

2 (Nt ) dNt

£ sin Nt C ²=
Z

k¤
2 (Nt ) dNt C h 20 (30)

Fig. 1 Variation of U with inclination.

where A20 and h 20 are constants to be determined from the initial
conditions and k¤

2 (Nt ) D k2(Nt) ¡ kr2 (Nt), which again is periodic.
The resulting motion is

v (Nt ) D v 1(Nt ) C v 2(Nt ) (31)

with v 1(Nt ) and v 2(Nt ) givenbyEqs. (23) and (30), respectively.Hence,
the roll motion consistsof two oscillatorymodes and the amplitudes
of both modes vary exponentially. Note that in general, the GMS
solution subsumes the direct MTS solution. When k is a constant,
GMS recovers the MTS case.

C. Summary and Performance Evaluation
The stability criteria for the attitude motion of a magnetically

controlled asymmetric spinning satellite with the control law given
by Eq. (1) have been derived. These criteria depend only on the
inertia distribution,the spin rate, and the altitudeof the satellite and
do not depend on the other orbital parameters.

The time constant of the motion, on the other hand, depends
not only on the inertia distribution and the spin rate but also on
the orbital parameters of the satellite. From the preceding results,
the approximate time constants of the body-roll/yaw motion are as
follows.

First mode:

Tc1 D 4(1 ¡ r1r2)

²5 a(1 ¡ r1)K ¤
1 C [a(1 ¡ r1) C b(1 ¡ r2)]K ¤

2 x sU
(32)

Second mode:

Tc2 D 4(1 ¡ r1r2)

²5 [ar1(1 ¡ r2) C br2(1 ¡ r1)]K ¤
2 ¡ a(1 ¡ r1)K ¤

1 x sU
(33)

These time constants can be useful to predict when the response
reaches the steady-statecondition.The normal steady-statecriterion
is that the response has stayed within 5% of its initial condition.As
per common practice, the time to reach this steady-state condition
is taken to be about three times the time constant of the motion
(t D 3T ).

In Eqs. (32) and (33), U is a constant for a particular orbit with a
value dependingon the inclinationof the orbit. The value of U as a
functionof the inclinationis plotted in Fig. 1. The valueofU reaches
a maximum when the satellite is in polar orbit and a minimum when
the satellite is in equatorialorbit. Thus, the magnetic control system
is more effective for satellitesin an orbit at a high angle with respect
to the equatorial plane.

The altitude of the satellite orbit also in� uences the effective-
ness of the control system. The higher the altitude of the satellite,
the smaller the magnitude of the geomagnetic � eld it encounters.
Therefore, higher control gains are needed to achieve a certain time
constant requirement.

The effectiveness of the magnetic control system also depends
on the relative angle i of the geomagnetic dipole with respect to the
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orbital plane of the satellite. The effectiveness (as indicated by U )
will be a maximum when the geomagnetic dipole lies on the orbital
plane because, in this case, for a certain magnitude of the onboard
magneticdipole, the torqueproducedis the largest.The approximate
time constantsmustbe slightlymodi� ed for thiscondition.However,
for preliminaryanalysispurposes,the approximations(32) and (33)
givepracticallyusefulandaccuratepredictionsof theexactsituation.

Spinning axisymmetric satellites,which are common in practice,
are a special case of the satellites treated here. For this type of
satellite, r1 D r2 D r and a D b D 1, so that the stability criteria
for the roll and yaw motion of the satellite become

K ¤
1 C 2K ¤

2 > 0 (34)

K ¤
1 < 2r K ¤

2 (35)

Further, the expressions for the approximate time constants of the
roll/yaw motion for the � rst mode is simpli� ed to be

Tc1 D 4(1 C r )

²5 K ¤
1 C K ¤

2 x sU
(36)

and for the second mode

Tc2 D 4(1 C r )

²5 2r K ¤
2 ¡ K ¤

1 x sU
(37)

a) Long-term response

b) Short-term response

Fig. 2 Comparison of numerical and GMS results for roll motion.

The earlierdiscussionon the performanceof the system is also valid
for this case.

IV. Comparison with Numerical Results
The explicit approximate solutions derived are now compared

with the numerical solutions of the equations of motion for a satel-
lite model with Ix D 140, Iy D 80, Iz D 150 kg ¢ m2 , and spin rate
x s D 0.2 rad/s. The altitude of the orbit is 1000 km, and its inclina-
tion is 60 deg. For the numerical values used, ² D 0.005. Note also
that this satellite model does not violate the range of validity of the
GMS results.

The stability criteria for the roll/yaw motion then become

0.6614K ¤
1 C 1.3229K ¤

2 > 0, 0.6614K ¤
1 < 0.6260K ¤

2 (38)

Several numerical simulations were carried out near the stability
boundary to examine the accuracy of the stability criteria. It was
foundthat the stabilitycriterialead to an accuratestabilityprediction
in all of the cases.

For responsecomparisonpurposes,we choose K ¤
1 D 1 and K ¤

2 D
3, which satisfy the stability criteria. Figure 2 shows the response
of the satellite using numerical integration and the GMS method,
presentedon the long andshortscales, for the same initial conditions
in both simulations. The dominant frequencies predicted by using
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the GMS technique are 0.2 and 0.0125 rad/s. We can see that these
frequency predictions are accurate.

For the example satellite, the approximate time constants of the
motion are Tc1 D 610.14 and Tc2 D 1658.6 s. The � rst and second
modes, therefore, are expected to attenuate to within 5% of their
initial values after 1830.42 and 4975.8 s, respectively.Indeed, it can
be observed that the fast oscillation (� rst mode) attenuates signif-
icantly near 1900 s. Also the slow mode (second mode) becomes
insigni� cant near 5000 s. Again, the approximation using the GMS
approach is shown to be good.

We will now consider dual-spin satellites.

V. Dual-Spin Satellites
A. Equations of Motion

The inertial and orbiting coordinate systems for this case are the
same as before. The body-� xed coordinate system is slightly dif-
ferent, however, because now there is a spinning part (rotor) and
a nonspinning part (platform). The body-� xed coordinate system
XbYb Zb has its origin at the center of mass of the satellite and
is � xed to the satellite platform. The axes Xb , Yb , and Zb coin-
cide with the satellite’s principal axes and, as before, the principal
moments of inertia of the satellite about Xb , Yb , and Zb are de-
noted by Ix , Iy , and Iz respectively. As per convention, the rota-
tional motion about the Xb , Yb , and Zb axes are called yaw (w ),
roll (v ), and pitch (h ), respectively.

The platform may be asymmetric and is oriented such that one
of its principal axes is in the direction of the radius vector from the
center of the Earth to the satellite center of mass. The rotor of the
satellite is axisymmetric,spinningabout its axis of symmetry,which
coincideswith the pitch axis of the satelliteand is normal to the orbit
plane in the nominal condition and also coincides with one of the
principal axes of the platform. Therefore, while spinning, the rotor
does not change the inertia distributionof the satellite.The spin rate
of the rotor is constant, and the orbit is assumed to be circular.

It is clear, from the earlier assumptions, that in the nominal con-
dition the body-� xed coordinate system of the satellite coincides
with the orbiting coordinate system (v D w D h D 0). For this
reason, the actual attitude of the satellite is expressed in terms of
deviations from the orbiting coordinate system. The purpose of the
attitude control system is to maintain this nominal condition. We
assume that the pitch motion is controlled separately and that we
can always have h D Ph D 0.

By using the control law Eq. (1) and by assuming small angles
and angular rates, the satellite equations of motion are

Iy
Rv C K2 B2

w
Pv C \ h ¡ \ 2 Ix ¡ K1 B v B w v

¡ [h ¡ \ ( Ix C Iy ) C K2 B v B w ] Pw D 0 (39)

Ix
Rw C K2 B2

v
Pw C \ [h ¡ \ Iy ]w

C [h ¡ \ ( Ix C Iy ) ¡ K2 B v B w ] Pv C K1 B2
v v D 0 (40)

where h ´ hr C Iz \ , with hr the magnitude of the angular momen-
tum of the rotoronly. B2

v , B2
w , and Bv Bw are quasiperiodicfunctions.

In the torque-freecase, the motion of the satellite has two natural
frequencies, the orbital frequency \ and the nutational frequency,
which can be approximated by h/

p
(Ix Iy ) for a rotor-momentum

dominated satellite. In practice, for satellites the orbital mode is
usually much slower than the nutationalmode. This means that the
orbital frequency is much smaller than the nutational frequency, so
that

² D
\

h/ Ix Iy

, 0 < j²j ¿ 1 (41)

Without loss of generality, we assume that at t D 0, the satellite
is at the ascending node and also u D 0, so that \ t D ²Nt and
u D x e t D n²Nt , where Nt ´ [h/

p
( Ix Iy)]t is a nondimensional time

and n ´ x e / \ is the ratio of the Earth spin rate to the orbitalangular
speed of the satellite. Because the magnitude of the geomagnetic
� eld is relatively small, we de� ne

K1 B2
o

h2
Ix Iy D ²K ¤

1 ,
K2 B2

o

h
D ²K ¤

2 (42)

and assume K ¤
1 and K ¤

2 to be of O(1). Another way to look at this is
that the magnetic control torque has a small effect on the nutational
frequencyof the satellite.This canbeunderstoodbecausethecontrol
torque is slowly varying and, hence, it will have a small effect on
the frequency of the fast mode of the satellite (nutational mode).
By de� ning a D

p
( Ix / Iy ) and b D

p
(Iy / Ix ) and using the new

parameterization,we can write the decoupledequationof motion of
the satellite as

v (4) C ²P1(²Nt) v (3) C P2(²Nt ) v (2)

C ²P3(²Nt ) v (1) C ²2 P4(²Nt ) v D 0 (43)

where

P1(²Nt ) D K ¤
2 f(4a C b)S1(²Nt) C (4a ¡ b)[S2(²Nt) cos2²Nt

C S3(²Nt ) sin 2²Nt]g C O(²)

´ p11(²Nt ) C O(²)

P2(²Nt ) D 1 ¡ ² a C b C 2aK ¤
1 [S2(²Nt ) sin 2²Nt

¡ S3(²Nt ) cos 2²Nt ] C O(²2)

´ p21(²Nt ) C ²p22(²Nt) C O(²2)

P3(²Nt ) D K ¤
1 [S1(²Nt ) ¡ S2(²Nt) cos2²Nt ¡ S3(²Nt ) sin 2²Nt] C O(²)

P4(²Nt ) D 1 C nK ¤
1 [S4(²Nt ) ¡ S5(²Nt ) cos2²Nt

¡ S6(²Nt ) sin 2²Nt] C O(²)

´ p41(²Nt ) C O(²) (44)

where ( )(i ) denotes the i th derivative with respect to Nt and Si are
slowly periodic functions.

B. Dynamic Analysis Using the GMS Method
By de� ning a new nondimensional independent variable t D ²Nt

and invoking the GMS technique,9,10 the variables are extended as
t ! f t 0 , t 1g and v ( t I ²) ! v ( t 0 , t 1I ²), with t 0 D t and t 1 D
(1/ ²) k( t ) dt , where k( t ) is a clock function to be determined.
The dominant-orderequation by the preceding extension is

O(²¡2): k4 ¶ 4 v

¶ t 4
1

C k2 ¶ 2 v

¶ t 2
1

D 0 (45)

and k has to be selected such that we are able to solve for v from
Eq. (45). For simplicity, we choose k D 1. By this choice of k, the
time scale t 1 becomes

t 1 D t / ² (46)

Therefore, the time scale is linear in this case. Note that t 1 is the
fast time scale and t 0 is the slow time scale.

Using the selected value of k, the solution of Eq. (45) is

v D A( t 0) sin[t 1 C B( t 0)] C C( t 0) (47)

The � rst term in the equation describes the nutational (fast) mode
of the satellite, whereas the second term (which is a function of
t 0 only) describes the orbital (slow) mode of the satellite. The two
terms in Eq. (47) are two independent solutions of Eq. (45), which
are treated separately.

1. Nutational Mode
Substitution of the nutational mode v 1 D A( t 0) sin[t 1 C B( t 0)]

into the subdominant equation of motion as in the preceding case
results in the following amplitude and phase equations:

dA

dt 0
¡ 1

2
K ¤

1 [S1( t 0) ¡ S2( t 0) cos2 t 0 ¡ S3( t 0) sin 2t 0]

¡K ¤
2 f(4a ¡ b)S1( t 0) C (4a ¡ b)[S2( t 0) cos 2 t 0

C S3( t 0) sin2 t 0]g A D 0 (48)
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and

dB

d t 0
C

a C b

2
C aK ¤

1 [S2( t 0) cos 2 t 0 ¡ S3( t 0) sin 2 t 0] D 0 (49)

The solution of Eq. (49) is

A( t 0) D A0 exp 1
2

K ¤
1 ¡ (4a C b)K ¤

2 U t 0 exp 1
2

K ¤
1

¡ (4a C b)K ¤
2 R1( t 0) ¡ 1

2
K ¤

1 C (4a ¡ b)K ¤
2 R2( t 0) (50)

whereU is a positiveconstantas de� ned in Eq. (18), whereas R1( t 0)
and R2( t 0) are quasiperiodic functions in t 0 , which depend on the
orbit inclination.

Only the � rst exponentialfactor in Eq. (50) determines the decay
or growth of A( t 0) and thereby determines the stability of the nu-
tational mode. The second exponential factor contributes only to a
periodic variation. Therefore, for an asymptotically stable motion,
we must have

K ¤
1 ¡ (4a C b)K ¤

2 < 0 (51)

This is the stabilitycriterionof the nutationalmode. By tracing back
to the de� nitions of K ¤

1 and K ¤
2 , we can write this stability criterion

in terms of K1 and K2 as follows:

K1 <
4Ix C Iy

Ix Iy
hK2 (52)

We see that this criterion depends on the inertia distribution of the
satellite and does not depend on the orbit characteristics,except the
orbital angular speed, which affects h.

The nutationalphase shift is determinedby Eq. (49). The solution
of this equation is

B( t 0) D B0 ¡ 1

2
(a C b) t 0 ¡ aK ¤

1

£
1

4
cos2 c sin2 i ¡

1

8
sin2 c sin2 i sin 2 t 0

¡ sin 2 c
1

8(2 C n)
sin 2i ¡

1

4(2 C n)
sin i cos(2 C n) t 0

¡ sin 2 c
1

8(2 ¡ n)
sin 2i ¡

1

4(2 ¡ n)
sin i cos(2 ¡ n) t 0

C sin2 c
1

16(1 C n)
(1 C cos2 i ) C

1

8(1 C n)
cos i

£ sin(2 C 2n) t 0 C sin2 c
1

16(1 ¡ n)
(1 C cos2 i )

¡
1

8(1 ¡ n)
cos i sin(2 ¡ 2n) t 0 (53)

where B0 is an arbitrary constant. Note that the phase shift consists
of secular and oscillatory terms. The parameters ² and n in� uence
the oscillatory terms. This shows the effect of rotation of the Earth
on the phase of the nutational mode.

2. Orbital Mode
The subdominant-orderanalysis of the orbital mode leads us to

the equation

d2C

d t 2
0

C K ¤
1 [S1( t 0) ¡ S2( t 0) cos 2t 0 ¡ S3( t 0) sin 2 t 0]

dC

dt 0

C 1 C nK ¤
1 [S4( t 0) ¡ S5( t 0) cos 2 t 0 ¡ S6( t 0) sin 2 t 0] C D 0

(54)

This shows that the orbital mode is affected by K ¤
1 but not by K ¤

2 .
Equation (54) is not readily solvable. The limiting values of K ¤

1

can be obtained from an approximate solution of Eq. (54). The
GMS method with nested multiple scaling is utilized to obtain the
approximation.

The � rst limiting case considered is the case where the value of
K ¤

1 is small, that is,

K ¤
1 D d NK1, 0 < d ¿ 1 (55)

where NK1 is assumedto be ofO(1). Next the variablesin Eq. (54) are
extended using t 0 ! f n 0 , n 1g, C( t 0I d ) ! C( n 0, n 1I d ), where n 0 D
t 0 and n 1 D d j ( t 0) d t 0 . As before, j ( t 0) is the clock function.By
using this extensionand continuingthe GMS analysis, the following
approximation of the orbital mode for small K ¤

1 is obtained:

C( t 0) D C0 exp ¡ 1
2
K ¤

1 U t 0 exp[G2( t 0)] exp( j t 0) C cc

D C0 exp ¡ 1
2
K ¤

1 U t 0 ¡ <[G2( t 0)]

£ sinf t 0 C =[G2( t 0)] C C1g (56)

where C0 and C1 are constants to be determined from the initial
conditions and cc are complex conjugates of the preceding term. It
can be shown that G2( t 0) is only a periodic function around zero
equilibriumwith a small amplitude.From Eq. (56) the stabilityof the
orbital mode for small K ¤

1 is determined by the exponential factor.
Hence, the stability is determined by 1

2
K ¤

1 U t 0, where U is always
positive. Hence, for small K ¤

1 , the orbital mode is asymptotically
stable if

K ¤
1 > 0 $ K1 > 0 (57)

To facilitate the stability analysisof the orbitalmode for large K ¤
1

and to implement the nested multiple scales approach, we parame-
terize

K ¤
1 D (1/ k ) NK1, 0 < k ¿ 1 (58)

such that k > ² and to be consistent with the de� nition given by
Eq. (42). Equation (54) then can be written as

d2C

d t 2
0

C k ¡1g1( t 0)
dC

d t 0
C 1 C k ¡1g2( t 0) C D 0 (59)

where g1 and g2 are functions de� ned by comparing Eq. (59) with
Eq. (54).

We note that the coef� cients containing k ¡1 are not always large.
This is because g1( t 0) and g2( t 0) are periodic functions that be-
come small and even zero at some t 0 . The characteristic roots of
the differentialEq. (59) change back and forth from real to complex
values as t 0 increases. This situation does not happen for the case
where K ¤

1 is small. The point where the two characteristic roots
coalesce (on the real axis) is called a turning point. The existence
of such points indicates the changes in the topological nature of
the solution, for example, from an oscillatory to nonoscillatory be-
havior. In the present case, there are in� nitely many turning points,
although all of the turning points lie at about the same place on
the real axis. Approximations of the solution will be valid on one
side or the other of the turning point. To obtain a uniformly valid
approximation of the solution across even a single turning point
we need the so-called connection formulas, which are beyond our
present scope. Moreover, from a power consideration,a small value
of K ¤

1 is desired. We have already seen that a satisfactory result
can be achieved by using small K ¤

1 . Because of the dif� culties men-
tioned for K ¤

1 large, to evaluate the stability,numericalsimulationis
used. The result shows that as long as K ¤

1 is positive, the stability is
guaranteed.

C. Performance Evaluation
From the preceding results, it is also possible to estimate the

time constants of the motion for the case where K ¤
1 is small. The

approximate time constant for this case in the nutational mode is

Tcn D 2

² (4a C b)K ¤
2 ¡ K ¤

1 (h/ Ix Iy)U
(60)
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and in the orbital mode is

Tco D 2

²K ¤
1 (h/ Ix Iy )U

(61)

Because U is a positive constant that depends on the inclination
of the orbit of the satellite, as in the single-spin case, here also we
� nd that the magnetic control system is more effective for satellites
in an orbit at a high angle with respect to the equatorial plane.
The true effectiveness of the control system is also determined by
the relative position of the geomagnetic dipole with respect to the
orbital plane of the satellite.The most effective situation is attained
if the geomagnetic dipole lies in the satellite’s orbital plane. Some
modi� cationsneedto bemade in theexpressionsfor theapproximate
time constants to account for this effect. For preliminary analysis
purposes,however, an accuratepredictioncan be achievedusing the
approximate time constants as given.

The Earth rotation effect mainly causes a slight phase shift in the
nutational and orbital modes of the satellite. Thus, for an accurate
frequency prediction, this effect should be included.

D. Comparison with Numerical Results
The values of the parameters chosen for this purpose are those

of the ITOS satellite in a circular orbit of altitude 1000 km and

a) Long-term response

b) Short-term response

Fig. 3 Comparison of numerical and GMS results for roll motion.

an inclination of 60 deg. The satellite parameters are Ix D 155.3,
Iy D 135.5, Iz D 138.9 kg m2 , and h D 26.6 kg m2 . For these
parameter values, ² D 0.0054.

The stabilitycriteriaof the roll/yaw motionof the satellitebecome

K ¤
1 < 5.2164 K ¤

2 , K ¤
1 > 0

These criteriacan be shown to be quite accurateby performingsome
numerical simulations near the stability boundaries.

Next we select speci� c values of K ¤
1 and K ¤

2 and compare
the numerical and GMS results. The speci� c values selected are
K ¤

1 D 0.2 and K ¤
2 D 2 or, equivalently, K1 D 1.349 £ 106 A m2/T

and K2 D 7.358 £ 108 A m2 s/T. For the selected numerical values,
the approximate frequencies and time constants from the GMS re-
sult are x n D 0.1834 rad/s and Tcn D 526 s (nutational mode) and
x o D 0.000998 rad/s and Tco D 26,905 s (orbital mode). The com-
parisons of the results are presented in Fig. 3. The nutational and
orbital frequencies are shown to be predicted accurately by the
GMS method. The time constants of the motion as predicted by
GMS method are also accurate. Based on this discussion, we see
that, for small values of K ¤

1 , the approximations obtained by us-
ing the GMS approach lead to a good agreement with the exact
solution.
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VI. Conclusions
The attitude control of single- and dual-spin satellites using spe-

ci� c control laws that utilize the geomagnetic � eld has been an-
alyzed. Only satellites in circular Earth orbit are considered. The
analysis shows that the control laws considered (with the proper
choice of gains) can provide the necessary damping to obtain an
asymptotically stable system.

Results in a parametric form were obtained using the GMS
method. Each dominant mode of the satellite motion is systemati-
cally separated by using proper time scales, leading to insight into
the nature of the system dynamics.The time scales used in deriving
the results are complex and nonlinear.

A good agreement between the analytical GMS approximations
and thenumericalintegrationis alsodemonstrated.The accuracycan
be improvedby includinghigher-orderterms in thederivation.Over-
all, however, for preliminaryanalysis purposes, the approximations
obtained are accurate and lead to considerable insight into the com-
plex nature of the satellite dynamics.
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