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Geomagnetic Attitude Control of Satellites
Using Generalized Multiple Scales

Tiauw Hiong Go* and Rudrapatna V. Ramnath’
Massachusetts Institute of Technology, Cambridge, Massachusetts 02139

The dynamics of single- and dual-spin satellites utilizing geomagnetic attitude control with specific control laws
are analyzed. Stability criteria and approximate descriptions of the motion of the satellite are obtained in an
analytical parametric form using the generalized multiple scales method. By means of this method, the rapid and
slow parts of the dynamics are systematically separated, leading to insight into the nature of the system. Finally, a
good agreement between the analytical approximations and numerical solutions is demonstrated.

I. Introduction

HE techniques of controlling the attitude of a satellite by us-

ing the interaction between the satellite and the environmental
magnetic field are attractive because they eliminate the need for the
control propellant, which usually limits the lifetime of a satellite.
The control torque can be generated by passing electric currents
through a coil; the currents then produce a magnetic dipole. The
desired control torque is then generated by the interaction of this
magnetic dipole with the geomagnetic field. Such a simple genera-
tion of control torques results in enhanced system reliability.

The major challengesin the magneticattitude controlfor satellites
are the developmentof the control law and the predictionof the per-
formance of the system under the specific control law. Even though
the concept of the magnetic attitude control itself is relatively sim-
ple, the resulting dynamic equations of the satellite system utilizing
this type of control are quite complicated due to the varying magni-
tude of the geomagneticfield experiencedby the satellite from time
to time in its orbit. In general, this necessitates the analysis of the
system equations with time-varying coefficients.

Several investigations on this subject have been reported.!
In Refs. 1-5, single-spin axisymmetric satellites are considered.
Renard' and Lindorfer and Muhlfelder® described the open-loop
magnetic attitude control laws, which are commanded from the
ground. Wheeler® developed a closed-loop magnetic control law
for active nutation damping of a spinning axisymmetric satellite.
Sorensen* and Shigehara’ also dealt with feedbackmagnetic control
systems of an axisymmetric spinning satellite. In Ref. 4 a minimum
energy control law is developed, whereas in Ref. 5 switching control
is used. The dual-spin satellite cases are reported in Refs. 6-8. Goel
and Rajaram® investigateda magnetic control system for a dual-spin
satellitein a near-equatorialorbit, where the geomagnetic field vari-
ation is neglected. The linearized governing equations are time in-
variantand, hence, standard control theory can be applied. Alfriend’
studiedthe geomagneticcontrol system fora dual-spinsatellitein an
orbit at any inclination. He applied the multiple time scales (MTS)
method (with linear scales) for his analysis and was able to obtain a
stability criterion for a specific control law. His analysis, however,
was based on the assumption that the Earth is nonrotating, so that
some of the results are valid only for satellites in low-altitude orbits.
Another more general work is by Stickler and Alfriend® in which
the use of magnetic attitude control for initial acquisition and for
on-orbit control of a dual-spin satellite is also discussed.

This paper describesa closed-loopmagnetic attitude control sys-
tem using a specific control law with single- and dual-spin satellite
configurations. In the single-spin satellite case, this work differs
from the previous ones by the use of a different control law with
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a general asymmetric satellite spun about an axis of maximum or
minimum moment of inertia. Thus, the results obtained are more
general and subsume the axisymmetric satellite as a special case.
In the dual-spin case, besides the difference in the control law, we
also include the Earth rotation effect. Hence, the results obtained
are not limited to low-orbit satellites only but can also be applied
to medium- or high-altitude satellites, depending on the validity of
the Earth’s magnetic model.

In general, the difficulties in analyzing the properties of the mag-
netic attitude control system arise from the fact that no relatively
easy methods are availablefor analyzinga time-varyingsystem. The
MTS method used by Alfriend’ to study the geomagnetic control
system of a dual-spin satellite is promising because it provides not
only the approximate solutions of a problem but also physical in-
sight. However, only linear scales are used in the MTS approach.
The MTS approach has been generalized by Ramnath et al.’ and
Ramnath and Sandri'® in the generalized multiple scales (GMS)
method to also include nonlinear and complex scales. The GMS
method is used in the present analysis.

II. Control Law

The purpose of the magnetic attitude control considered is to
maintainthe pitch axisof the satellitein its nominaldirection,normal
to the satellite’s orbital plane. The magnetic torque is produced
by the interaction between the geomagnetic field and the onboard
magnet. We assume that the magnet used for attitude control is a
magnetic dipole M, aligned with the pitch axis of the satellite. The
strength of the magnetic dipole is determined by the control law

Mc = [KIB)(X_KZ(BV/X_BxW)]iGEM(-iG (1)
where K, and K, are constantcontrol gains and y and y are pertur-
bation angles around the x and y axes of the satellite, respectively,
as defined later. B, and B,, are the components of the geomagnetic
field vectorin the x and y axes, respectively, and iy is a unit vector
in the direction of the pitch axis of the satellite. This control law
requires some angular and angular rate sensors and also some mag-
netosensors to measure the magnitude of some components of the
geomagnetic field.

This form of the control law is used in both the single- and dual-
spin satellites considered. Note, however, that although the control
laws used in the two cases appear to be similar, they are actually
different,inasmuch as the definitions of body-fixed axes are slightly
different, as will be described later.

‘We will first consider spinning asymmetric satellites.

III. Spinning Asymmetric Satellites
A. Equations of Motion
The coordinate systems employed in the analysis are described
next. The Earth is assumed to have a fixed positionin space. X;Y; Z;
is the geocentricinertial coordinate system. The X; and Y; axes lie
in the equatorial plane, and the Z; axis is aligned with the Earth’s
polar axis. The orbiting coordinate system X,Y,Z, has its origin at
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the center of mass of the satellite. The X, axis lies on the satellite’s
orbital plane and points radially outward. The Y, axis also lies in
the satellite’s orbital plane and is in the direction of the motion
of the satellite’s center of mass, perpendicularto the X, axis. The
Z, axis completes the right-handed Cartesian coordinate system
and, thus, is normal to the orbital plane. Note that the orientation
of this coordinate system is independent of the orientation of the
satellite. The body-fixed coordinate system X,Y,Z, also has its
origin at the center of mass of the satellite, and the axes X,, ¥,
and Z, coincide with the satellite principal axes. We will denote the
principal moments of inertia of the satellite about X,, Y}, and Z,
as I, 1, and I, respectively. Because the pitch motion is assumed
to be nominal, the y and y angles describe the perturbations with
respectto the nominal position of the body-fixed coordinatesystem.

The orbit of the satellite is assumed to be circular, and thus the
orbital angular speed € is constant. The satellite is also considered
to be rigid and may have no axis of symmetry. The spin axis of
the satellite is the Z; axis, and in the nominal condition this axis is
normal to the satellite’s orbital plane. We assume that the spin axis
is the principal axis of maximum or minimum moment of inertia.
Also the spin rate o, of the satellite is assumed to be constant. This
assumptionalso implies thatthe pitch motion of the satelliteis under
control such that its nominal motion can always be attained. The
geomagneticfield is assumed to be representedby a tilted magnetic
dipole passing through the center of the Earth. This magnetic dipole
is fixed to the Earth at an angle y (~11.4 deg) with respect to the
Earth’s polar axis. With this model, the geomagnetic field vector is
given by'!

B = (u,/R°) [R? i — 3(in - RR] )

where 1, = 7.943 x 105 weber-m is the geomagnetic dipole
moment, R is the radius vector with its magnitude R, and i, is the
unit vector in the opposite direction to the dipole moment vector.

The magnetic control torque exerted on the satelliteis L, = M, x
By, where M, is given by the controllaw (1) and B, = [B, B, Bo]”
is the geomagneticfield vector expressedin the body-fixed axes. By
includingthis controltorque and assuming small angles and angular
rates, the equations of motion of the satellite are given by

2+ (Kol 1By + [ri(o, + Q7 = (K\/ 1)) B, B, |
+I(1 = r)(@, + Q) — (Ko 1,)B, B, Jy = 0 3)

v+ (Ko L)BLy + ra(o, + Q7w — [(1 = r)(@, + Q)

+(K»/ 1,)B,B,1x + (K\/1,)Blx =0 4)
where
IL—1, I, —1,
r == T 1= T 2 (5)

B, and B,, are quasiperiodic and depend on the angle of inclina-
tion i of the satellite orbit and the angle u between the line of the
ascending node and the projection of the negative magnetic dipole
vector onto the equatorial plane. Clearly, by the assumption that the
spin axis is the axis of maximum or minimum moment of inertia,
and r, are both positive or negative, respectively. Further, because
the inertia properties of a body obey the triangle inequality, r; and
r, both lie between 0 and 1. Other disturbancetorques such as those
due to gravity gradient are neglected in the present analysis.

Because the satellite’s spin rate is normally much larger than the
orbital angular speed, we have

Q/ w; = €, 0< el K1 6)

Without loss of generality we assume that at ¢ = 0, the satellite is
at the ascending node and u = 0, so that we can write

Qt = et )]
U= w,t =net (8)

where 7 = @, is a nondimensional time and n = ./ Q is the
ratio of the Earth’s spin rate and the orbital angular speed of the

satellite. This ratio is a small number for a low-orbit satellite and is
1 for a geosynchronoussatellite. The magnitude of the geomagnetic
field is relatively small. For example, at a 500-km altitude orbit,
B,(=u,/ R?) is of the order of 1073 in SI units. Therefore, it is
reasonable to define K| and K as follows:
2 2
ﬂ :EKT’ &:EK; 9)
I1, o7 LI, o,

where K| and K} are assumed to be of O(1). Using this parame-
terization and by means of cross differentiation and elimination of
terms, the equations of motion for y can be written in the decoupled
form

29+ eP2? + P2 +ePy2 " + PuDx =0 (10)

where

Py(1)

K;{(a—l—b)fl(ef)— (a—b-l— 14b )

—r

x [ fo(€1) cos 2t — f5(€r) sinZE]} + O(e)

)+ 0

Pz(f)z1+r1r2+6(2+r2+2r1r2

+{be+K§|:a(1 —rl)—b(3+r2)+w:|}

7
x [ fo(€1) sin2f + f5(€7) cost]) +0(€)

= pu (D) + €pn(t) + O(€%)
Py(?) = [K;(ary + bry) — Kja(1 — ry)] fi(eD)

+{KT[0(1 —r) +4b] — K;|:a(2—r1)+b(2+r2)

2b(1 +ry —ry +
+ ( r—n "1"2)i|}

1—r
X [ f>(€F) cos 2t — f3(€f) sin2f] + O(€)
p () +0(e)

. bri(4+
Py(@) = rirs + e(sm2 + {K; |:2ar1 L ondtn) ’2)}

1—r

—K/[2a(1 —r)) + b4 — rz)]}[fz(ef) sin 2t

+ f3(€f) cos 2?]) + O

= pu (1) + €pi(t) + O(€%) (11)

witha = /(I,/1,) and b = /(1,/I,). Here ( ) denotes the ith
derivative with respect to 7. In the preceding equations, fi, f», and
/3 are quasiperiodic functions with a period approaching that of the
satellite’s orbit.

The coefficients of this equation vary quasiperiodically in time,
and their frequencies are a mixture of relatively high (due to satel-
lite’s spin) and low frequencies (due to orbital motion). One can
also observe that some of the coefficients are of O(1) and some
are small [of O(€)]. The exact solutions of Eq. (10) cannot be ob-
tained in general. A simplistic approach by neglecting the terms
with small coefficients will lead to the equations of free rigid-body
motion; hence, the resultis not very useful. An asymptoticapproach
using the GMS method is used for the dynamic analysis.
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B. Dynamic Analysis Using the GMS Method

The GMS method, developedin Refs. 9 and 10, is an asymptotic
method designedto obtainapproximatesolutions of a dynamic prob-
lem in limiting cases. The approachis based on the conceptof exten-
sion, by which the independent variable, time, is extendedinto a set
of new independenttimelike variables, which are called time scales.
Each time scale captures a specific behavior of the system (fast or
slow). The difference between the GMS and the MTS method is that
in GMS the time scales can be nonlinear (correspondingto acceler-
ating clocks) and/or complex, whereas in MTS the time scales are
linear. Therefore, the results from the GMS approach, in general,
are better than the ones from the MTS because the GMS approach
can employ the natural scales of the system that may not be linear.
For a more detailed discussion on GMS, see Refs. 9 and 10.

Two time scalesare used in the presentanalysis,and as per Refs. 9
and 10, the independent and dependent variables are extended as
follows: f — {w, v} and x (7; €) —> x(w, v; €), where y, = 7 and
u = (—:f k() dz. The clock functionk(7) is determinedin the course
of the analysis. By this extension, the first two dominant equations
obtained are

O(EO):%+(1+rlr2)Zz—é +riry =0 (12)
O(e): k”’j—i + 3k”6i)% + pﬂk’j—i‘l + Sk/ai;—gq
+2p21kaigvl +4k61£601 +p11(m)§—é
+P31(%)%+P22(%)%+P42(%)% =0 (13)

The dominant-orderequation [Eq. (12)] yields
2(w, 1) = Aj(V)e™ + A (0)eVTEY fec (14)

where j = 4/(—1) and cc denotes the complex conjugates of the
preceding terms. In this case, the dominant motion consists of two
oscillatory modes with the dominant frequencies of 1 and +/(r,73).
These frequencies correspond to the approximate natural frequen-
cies of the torque-free rigid-body motion. In fact, if A; and A, are
constant, Eq. (14) becomes the O(€) approximation of the torque-
free rigid-body motion. Thus, the magnetic attitude control system
will mainly influence the amplitude and only slightly alter the fre-
quency of the motion. The amplitude and frequency correctionsdue
to the magnetic control come from the subdominant-orderanalysis.
For convenience, the two independent solutions of Eq. (14) are re-
ferred to as the first mode and the second mode, respectively. Note
that the maximum limiting value of r r, is 1, so that, in general,
the second mode has lower frequency than the first mode. In the
following, the first and second modes are studied separately.

1. First Mode

By substituting the first mode into the subdominant-orderequa-
tion [Eq. (13)] and then separating the variables, the following pair
of amplitude and clock equations are obtained:

Aj(y) = A e™, A,, = arbitraryconst  (15)
k" — (4 —rir)k; + j(3k) — 2(1 — riry)k;]
= M, + M,(€y) cos2y + M;(€w) sin 2y,
+ j[N, + N> (€w) cos 2y — N3(€w) sin2y, + Ni(€w)] (16)
where

M, =3rir,—r,—2
17
N, = —% [a(l —r)K} —[a(l —r) +b(1 — rz)]K;] U
with

U = §sin’ y(1 4 cos’ i) + 1 cos” y sin® i (18)

It is clear that U is always positive and is constant for a particular
orbit. Note that M, and N, are constant, whereas M,, M3, N,, N3,
and N, are slowly quasiperiodic functions.

In most applications, only the particular solution of k(w) is im-
portantbecause we always have the freedom to take the coefficients
of the homogeneous solution to be zero. However, the possibility
of resonance has to be examined. By resonance we mean that the
inhomogeneous terms (terms in the right-hand side of the differen-
tial equation) contain the same type of function as the homogeneous
solution so that secular, i.e., asymptotically nonuniform, terms are
producedin the particular solution. If such terms exist, further anal-
ysis is needed. The homogeneous solution of Eq. (16) is

3
k() = 2 Cie'® (19)
i=1
where Cj, i = 1, 2, 3, are arbitrary constants (which will be taken to
be zero later) and s;, i = 1, 2, 3, are the roots of the characteristic

equation of the differential Eq. (16),
S343js2— @4 —rr)s —2j(1 —rr) =0 (20)

In general, the homogeneous solution is of the form

M6 [cos I(s)) Y + Jj sin S(s) ]

with R(s;) and I(s;) denoting the real part and the imaginary part of
s;, respectively. Examination of Eq. (20) reveals that the resonance
occurs only near the limiting case 7, = 1. The GMS approxima-
tion is not valid near the resonance condition [1 — rir; = O(€)]
because the clock function will be of O(1/€) and, hence, the or-
dering of the extended equation of motion is rendered invalid. For
the approximation to be accurate, 1 — r;r, > (O(€). Because the
nutation frequency of the rigid body is (@, + Q)+/(ri72), the pre-
ceding requirement means physically that the approximationfor the
first mode is accurate if the nutation frequency is significantly lower
than the spin frequency.

By the earlier argument, it is possible to construct a stability
criterion for the first mode without actually solving Eq. (16). From
Eq. (15), itis clearthatthe stability of the first mode is determined by
the constantreal part of k(v)), which appears due to the contribution
of N;. The constantreal part of k(w) is

_ 2 a(l —r)K} +[a(l —r) +b(1 —rp)]K5

k, = 2y (1
n 2 2(1—7'17'2) ( )

Because U is a positive constantand 0 < r;r, < 1, then for asymp-
totic stability,

a(l —r)K} +[a(l =r) +b(1—r)]K5> 0 (22)

To predict the response of the first mode, the approximate solu-
tion for k(w) will now be constructed. The slowly periodic factor
[M;(€y) and N;(€y)] in the inhomogeneous terms, which is simi-
lar to M;(€w) sin 2w, will be treated as a constantin the integration
step because for each cycle of the fast periodic factor the variation
of the slowly periodic factor is very small. By doing so, we obtain
the approximate response of the first mode as follows:

@ = A, exp[ek,,i + en (/ k: (7) di>i|
x sin{i + es[/ k*(7) dfi| + 910} (23)

where Ay, and 6, are constants to be determined from the initial
conditions and k(7)) = k(t) — k,, (¢), which is periodic.

2. Second Mode
In a similar way, the pair of amplitude and clock equations ob-
tained for the second mode are

A, = Azoe"", AZo = arbitrary const (24)
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K+ (1= dnira)ky + J13VAmky = 2JAm(1 = rirk]
=V, + Va(€y) cos 2y + V3(€w) sin2y,

+ j[W, + W,(ew) cos2y — W;i(ew) sin2y + Wi(ew)] (25)

where

Vi =3rr — r1r22 — 2r12r22
(26)
Wy = 2{—a(l = r)K; + [ari(1 = r,) + bry(1 = r)1K; JU

The homogeneous solution of Eq. (25) is of the same form as
Eq. (19), where s; are the roots of the characteristic equation

57+ j3/riras? + (1 —4riry)s + 2j/rir(l — i) =0 (27)

The resonance condition in this case is only possible for rjr, ~
0 and r;r, = 1. As in the first mode, the GMS analysis is not
accurate in the near-resonance condition, which is r;r, = O(€) or
1—r;r, = O(€) because, for this condition, the clock function k, ()
is of O(1/€). The approximation for the second mode is accurate
for rir, > O(€) and 1 — ryrp, > O(€). Physically, this means that
the nutation frequency must be significantly higher than the orbital
frequency but significantly lower than the spin frequency.

The right-hand side of Eq. (25) consists of constantand periodic
terms. Hence, in the nonresonancecondition, the particular solution
of k(u)) will also consist of constant and periodic terms. From the
expression for the amplitude of the second mode [Eq. (24)], we
deduce that the stability of this mode is determined by the constant
real part of the particular solution of k(w)),

_ Slari(1 —ry) +bry(1 —r)1K; —a(l —r)K;

k,, = Lu (28
2 2 2(1—7'17'2) ( )

For the second mode to be asymptotically stable, k,, must be posi-
tive. Because U is a positive constant, then the criterion for asymp-
totic stability of the second mode is as follows:

a(l =r)K} < [ari(1 —ry) +bry(1 —r)] K5 29)

This stability criterion together with the one for the first mode
[Eq. (22)] must be satisfied to get an asymptotically stable roll mo-
tion. Note that these criteria lead to slightly different control condi-
tions when the spin axis is along the axis of maximum or minimum
moment of inertia.

Simplifying assumptions, as in the case of the first mode, are also
used to obtain the approximate expression for k(w). The resulting
approximate second mode response is

22() = Ay, expl:ekrzf + em( / k() di)}
X sin|:f + ES(/ k3 (1) df) + 92(,i| (30)

where Ay, and 6, are constants to be determined from the initial
conditions and k;(t) = k»(t) — k,,(t), which again is periodic.
The resulting motion is

x(@) = x1(1) + xa2(1) (3D

with x, (%) and x,(7) givenby Eqgs. (23) and (30), respectively.Hence,
the roll motion consists of two oscillatory modes and the amplitudes
of both modes vary exponentially. Note that in general, the GMS
solution subsumes the direct MTS solution. When k is a constant,
GMS recovers the MTS case.

C. Summary and Performance Evaluation

The stability criteria for the attitude motion of a magnetically
controlled asymmetric spinning satellite with the control law given
by Eq. (1) have been derived. These criteria depend only on the
inertia distribution, the spin rate, and the altitude of the satellite and
do not depend on the other orbital parameters.

The time constant of the motion, on the other hand, depends
not only on the inertia distribution and the spin rate but also on
the orbital parameters of the satellite. From the preceding results,
the approximate time constants of the body-roll/yaw motion are as
follows.

First mode:
41 —
T, = ( riry) (32)
es{a(l —r)K; +[a(1 — r) + b(1 — r,)1K; }o,U
Second mode:
T 41 —ryr)
?es{lar(1 —ry) + bry(1 — r)IKS —a(l — r)K jo,U
(33)

These time constants can be useful to predict when the response
reaches the steady-statecondition. The normal steady-statecriterion
is that the response has stayed within 5% of its initial condition. As
per common practice, the time to reach this steady-state condition
is taken to be about three times the time constant of the motion
(t =3T).

In Eqgs. (32) and (33), U is a constant for a particular orbit with a
value depending on the inclination of the orbit. The value of U as a
functionof the inclinationis plottedin Fig. 1. The value of U reaches
a maximum when the satelliteis in polar orbit and a minimum when
the satellite is in equatorial orbit. Thus, the magnetic control system
is more effective for satellitesin an orbit at a high angle with respect
to the equatorial plane.

The altitude of the satellite orbit also influences the effective-
ness of the control system. The higher the altitude of the satellite,
the smaller the magnitude of the geomagnetic field it encounters.
Therefore, higher control gains are needed to achieve a certain time
constant requirement.

The effectiveness of the magnetic control system also depends
on the relative angle i of the geomagnetic dipole with respectto the

[e] 20 40 60

. . \ )
100 120 140 160 180
inciination (deg)

Fig.1 Variation of U with inclination.
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orbital plane of the satellite. The effectiveness (as indicated by U)
will be a maximum when the geomagnetic dipole lies on the orbital
plane because, in this case, for a certain magnitude of the onboard
magneticdipole, the torque producedis the largest. The approximate
time constantsmustbe slightly modified for thiscondition. However,
for preliminary analysis purposes, the approximations(32) and (33)
givepracticallyusefuland accuratepredictionsof the exactsituation.

Spinning axisymmetric satellites, which are common in practice,
are a special case of the satellites treated here. For this type of
satellite,r; = r, = r anda = b = 1, so that the stability criteria
for the roll and yaw motion of the satellite become

Ki+2K; > 0 (34)
K? < 2rK; (35)

Further, the expressions for the approximate time constants of the
roll/yaw motion for the first mode is simplified to be

4(1 +
T, = __4d+n (36)
e5[K; + K5]oU
and for the second mode
4(1+4r)

The earlier discussionon the performance of the system s also valid
for this case.

IV. Comparison with Numerical Results

The explicit approximate solutions derived are now compared
with the numerical solutions of the equations of motion for a satel-
lite model with I, = 140, I, =80, I, = 150 kg - m?, and spin rate
o, = 0.2 rad/s. The altitude of the orbit is 1000 km, and its inclina-
tion is 60 deg. For the numerical values used, € = 0.005. Note also
that this satellite model does not violate the range of validity of the
GMS results.

The stability criteria for the roll/yaw motion then become

0.6614K} + 1.3229K5 > 0, 0.6614K| < 0.6260K> (38)
Several numerical simulations were carried out near the stability
boundary to examine the accuracy of the stability criteria. It was
foundthatthe stability criterialead to an accurate stability prediction
in all of the cases.

For response comparison purposes, we choose K} = 1 and K5 =
3, which satisfy the stability criteria. Figure 2 shows the response
of the satellite using numerical integration and the GMS method,

T, = ST K — K- loU (37 presentedon the long and shortscales, for the same initial conditions
€ [ &y — 1]”" in both simulations. The dominant frequencies predicted by using
0.04 ; ; . . . . 1 T .
—— Numerical
® 0.03 — - GMS -
(rad)
0.02 4

0.01 ! | H

Aﬂﬂ\ ﬂﬂnmmnﬂﬂAAﬂAAAAA A A A AR

-0.01 R

O | VVVVVVVVVVVVVVVVVVVVVVV”””“

-0.02n i
-0.03H -1
_0.04 ! L L ) ) 1 1 1 1
(o] 500 1000 1500 2000 2500 3000 3500 4000 4500 5000
t (sec)
a) Long-term response
0.04 T T T T
— Numerical
¢ 0.03 -—-- GMS ,
(rad) )
0.02 1
/
/,
3 /'
0.01F B
[¢]
-0.01F B
-0.021 b
-0.03 4
-0.04 ' - : :
[o] 50 100 150 200 250
t (sec)

b) Short-term response

Fig.2 Comparison of numerical and GMS results for roll motion.
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the GMS technique are 0.2 and 0.0125 rad/s. We can see that these
frequency predictions are accurate.

For the example satellite, the approximate time constants of the
motion are T,, = 610.14 and T,, = 1658.6 s. The first and second
modes, therefore, are expected to attenuate to within 5% of their
initial values after 1830.42 and 4975.8 s, respectively.Indeed, it can
be observed that the fast oscillation (first mode) attenuates signif-
icantly near 1900 s. Also the slow mode (second mode) becomes
insignificant near 5000 s. Again, the approximation using the GMS
approach is shown to be good.

We will now consider dual-spin satellites.

V. Dual-Spin Satellites
A. Equations of Motion

The inertial and orbiting coordinate systems for this case are the
same as before. The body-fixed coordinate system is slightly dif-
ferent, however, because now there is a spinning part (rotor) and
a nonspinning part (platform). The body-fixed coordinate system
X,Y,Z, has its origin at the center of mass of the satellite and
is fixed to the satellite platform. The axes X,, ¥,, and Z, coin-
cide with the satellite’s principal axes and, as before, the principal
moments of inertia of the satellite about X, Y,, and Z, are de-
noted by /., /,, and I, respectively. As per convention, the rota-
tional motion about the X,, ¥, and Z, axes are called yaw (),
roll (), and pitch (0), respectively.

The platform may be asymmetric and is oriented such that one
of its principal axes is in the direction of the radius vector from the
center of the Earth to the satellite center of mass. The rotor of the
satelliteis axisymmetric, spinningaboutits axis of symmetry, which
coincides with the pitch axis of the satellite and is normal to the orbit
plane in the nominal condition and also coincides with one of the
principal axes of the platform. Therefore, while spinning, the rotor
does not change the inertia distribution of the satellite. The spin rate
of the rotor is constant, and the orbit is assumed to be circular.

It is clear, from the earlier assumptions, that in the nominal con-
dition the body-fixed coordinate system of the satellite coincides
with the orbiting coordinate system (y = w = 6 = 0). For this
reason, the actual attitude of the satellite is expressed in terms of
deviations from the orbiting coordinate system. The purpose of the
attitude control system is to maintain this nominal condition. We
assume that the pitch motion is controlled separately and that we
can always have 0 = 0 = 0.

By using the control law Eq. (1) and by assuming small angles
and angular rates, the satellite equations of motion are

Iy% + KZBi,X + [Qh - Qzlx - KIBXBV/]X
—[h—Q(I, + I,) + K,B,B, ]y =0 (39)
Ly + KBy + Q[h — QI 1y

+[h—QU, +1,)— K:B,B, Iy + K\Bly =0 (40)

where h = h, + I.Q, with &, the magnitude of the angular momen-
tum of the rotoronly. B;, sz,, and B, B,, are quasiperiodicfunctions.

In the torque-free case, the motion of the satellite has two natural
frequencies, the orbital frequency Q and the nutational frequency,
which can be approximated by h//(I,I,) for a rotor-momentum
dominated satellite. In practice, for satellites the orbital mode is
usually much slower than the nutational mode. This means that the
orbital frequency is much smaller than the nutational frequency, so
that

Q

hJTL,
Without loss of generality, we assume that at ¢ = 0, the satellite
is at the ascending node and also u = 0, so that Q¢ = €f and
u = ot = net, where t = [h/ /(1. 1,)]t is a nondimensional time
andn = w,/ Q1is theratio of the Earth spinrate to the orbitalangular
speed of the satellite. Because the magnitude of the geomagnetic
field is relatively small, we define

KiB) = _ i KB, _ ks
7 ley :EKI’ T = EKZ (42)

€= 0< el « 1 41)

and assume K and K to be of O(1). Another way to look at this is
that the magnetic control torque has a small effect on the nutational
frequency of the satellite. This can be understoodbecausethe control
torque is slowly varying and, hence, it will have a small effect on
the frequency of the fast mode of the satellite (nutational mode).
By defining a = /(I,/1,) and b = /(I,/I,) and using the new
parameterization,we can write the decoupledequation of motion of
the satellite as

x4 €Pi(eny? + Py(et)x?

+ePs(en)yV + € Pyet)y =0 43)

where
Pi(e) = Ki{(4a +b)S(€l) + (4a — b)[S,(€T) cos 2€t
+ S;(€t) sin2€t]} + O(€)
= p(er) + O(e)
Py(et) = 1—efa+b+2aK;[S,(€f)sin2er

— Ss(€f) cos 2€t]} + O(€?)

P21 (€1) + €pn(€l) + O(€)
Py(€7) = KI[Si(€7) — S,(€7) cos2€r — Ss(€f) sin 2€f] + O(€)
Py(€7) = 14 nK*[S,(€) — Ss(€T) cos2er
— S(€f) sin2€7] + O(€)
= pu (1) + O(€) (44)

where ( )¥ denotes the ith derivative with respect to 7 and S; are
slowly periodic functions.

B. Dynamic Analysis Using the GMS Method

By defining a new nondimensionalindependent variable v = €7
and invoking the GMS technique,>!? the variables are extended as
v — {w, v} and x(v; €) > x(w, u;€), with y = vand y =
(17e) fk(u) du, where k(v) is a clock function to be determined.
The dominant-orderequation by the preceding extension is

201 _

0 45
o 45)

64
O(e): k' =E 4k
9y
and k has to be selected such that we are able to solve for y from
Eq. (45). For simplicity, we choose k = 1. By this choice of k, the
time scale vy becomes

u=ue€ (46)

Therefore, the time scale is linear in this case. Note that v is the
fast time scale and u, is the slow time scale.
Using the selected value of &, the solution of Eq. (45) is

x = A(w)sin[v + B(y)]+ C(w) (47)

The first term in the equation describes the nutational (fast) mode
of the satellite, whereas the second term (which is a function of
w only) describes the orbital (slow) mode of the satellite. The two
terms in Eq. (47) are two independentsolutions of Eq. (45), which
are treated separately.

1. Nutational Mode

Substitution of the nutational mode y; = A(w) sin[y, + B(w)]
into the subdominant equation of motion as in the preceding case
results in the following amplitude and phase equations:

dA 1 .
(K71S1(w) — Sx(w) cos 2y — S3(w) sin2u)]

dy 2
—KJ{(4a — b)Si(w) + (4a — b)[S2(w) cos 2t

+ S5(w) sin2p]})A =0 (48)
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and
dB a+b .
a + — +aK[ [S(w)cos2y — S3(w) sin2w] =0 (49)

The solution of Eq. (49) is
A(w) = Agexp{4[ K} — (4a + b)K; [Uny } exp{3[ K}

—(4a +b)K3|Ri(w) — $[K} + (4a — YK |Ro(w)}  (50)

where U is a positive constantas defined in Eq. (18), whereas R; ()
and R,(w) are quasiperiodic functions in v, which depend on the
orbit inclination.

Only the first exponential factor in Eq. (50) determines the decay
or growth of A(y) and thereby determines the stability of the nu-
tational mode. The second exponential factor contributes only to a
periodic variation. Therefore, for an asymptotically stable motion,
we must have

K —(4da+b)K; < 0 (51)

This is the stability criterion of the nutational mode. By tracing back
to the definitions of K| and K3, we can write this stability criterion
in terms of K, and K, as follows:

4l + 1,
=K, (52)
1.1,

We see that this criterion depends on the inertia distribution of the
satellite and does not depend on the orbit characteristics,except the
orbital angular speed, which affects 4.

The nutational phase shiftis determined by Eq. (49). The solution
of this equation is

1
B(q)):BO—E(a—i—b)q)—aK;k

1 1
X —cos? ysin®i — —sin’ y sin®i ] sin2y

4 8

2 1 n2i 1 I Q2+ n)

— sin ————5in2i — ————ssini

"Isa+m® A0 M [ESET

1 1
— 51n2)/|:m sin2i — m sinii| COS(2 - l’l)L{)

1 1
.2 1 2 . .
+ sin y|:—16(1+n)( + cos t)+—8(1+n)coszi|
X sin(2 4 2n)y + sin’ y ;(1 + cos? i)
16(1 — n)
1 i | sin(2 — 2n) (53)
) cosi | sin ny

where By is an arbitrary constant. Note that the phase shift consists
of secular and oscillatory terms. The parameters € and n influence
the oscillatory terms. This shows the effect of rotation of the Earth
on the phase of the nutational mode.

2. Orbital Mode
The subdominant-orderanalysis of the orbital mode leads us to
the equation

d&*c . . dc

— + K{[S1(w) — S:(w) cos 2y — S3(w) sin2y]—

dy; du
+ {1 +nK{[S4(w) — Ss(w) cos2y — Se(w) sin2q)]}C =0
(54)

This shows that the orbital mode is affected by K but not by K.
Equation (54) is not readily solvable. The limiting values of K

can be obtained from an approximate solution of Eq. (54). The
GMS method with nested multiple scaling is utilized to obtain the
approximation.

The first limiting case considered is the case where the value of
K is small, that is,

K| = 6K, 0<ox1 (55)
where K| is assumedto be of O(1). Next the variablesin Eq. (54) are
extendedusing yy — {&, &}, C(w; 8) — C(&, &; 8), where & =
yand & = 6f k(W) du. As before, k() is the clock function. By
using this extensionand continuingthe GMS analysis, the following
approximation of the orbital mode for small K} is obtained:

C(w) = Coexp(—1K;Uw)exp[Ga(w)lexp(jw) + cc
= Coexp{—1K;Uy — R[G,(w)1}
x sinf{w + S[G,(w)] + Cy} (56)

where Cy and C; are constants to be determined from the initial
conditions and cc are complex conjugates of the preceding term. It
can be shown that G,(u) is only a periodic function around zero
equilibriumwith a small amplitude. From Eq. (56) the stability of the
orbital mode for small K is determined by the exponential factor.
Hence, the stability is determined by %KTUL(), where U is always
positive. Hence, for small K7, the orbital mode is asymptotically
stable if

Kf>0<K >0 (57)

To facilitate the stability analysis of the orbitalmode for large K
and to implement the nested multiple scales approach, we parame-
terize

K*=(1/M)K,, 0< A<kl (58)
such that A > € and to be consistent with the definition given by
Eq. (42). Equation (54) then can be written as

d’c i dc i
— A g () — +[1+ 47 aw)]C=0 (59
dy; du
where g, and g, are functions defined by comparing Eq. (59) with
Eq. (54).

We note that the coefficients containing A~! are not always large.
This is because g;(w) and g(w) are periodic functions that be-
come small and even zero at some wy. The characteristic roots of
the differential Eq. (59) change back and forth from real to complex
values as u increases. This situation does not happen for the case
where K| is small. The point where the two characteristic roots
coalesce (on the real axis) is called a turning point. The existence
of such points indicates the changes in the topological nature of
the solution, for example, from an oscillatory to nonoscillatory be-
havior. In the present case, there are infinitely many turning points,
although all of the turning points lie at about the same place on
the real axis. Approximations of the solution will be valid on one
side or the other of the turning point. To obtain a uniformly valid
approximation of the solution across even a single turning point
we need the so-called connection formulas, which are beyond our
presentscope. Moreover, from a power consideration,a small value
of K} is desired. We have already seen that a satisfactory result
can be achieved by using small K. Because of the difficulties men-
tioned for K| large, to evaluate the stability, numerical simulationis
used. The result shows that as long as K is positive, the stability is
guaranteed.

C. Performance Evaluation

From the preceding results, it is also possible to estimate the
time constants of the motion for the case where K| is small. The
approximate time constant for this case in the nutational mode is

2

T, = 60
€[(4a +b)K; — K;|(h! \/I.T)U (60)
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and in the orbital mode is

2
T, = —————
€K (hl /I 1,)U

Because U is a positive constant that depends on the inclination
of the orbit of the satellite, as in the single-spin case, here also we
find that the magnetic control system is more effective for satellites
in an orbit at a high angle with respect to the equatorial plane.
The true effectiveness of the control system is also determined by
the relative position of the geomagnetic dipole with respect to the
orbital plane of the satellite. The most effective situationis attained
if the geomagnetic dipole lies in the satellite’s orbital plane. Some
modificationsneed to be made in the expressionsfor the approximate
time constants to account for this effect. For preliminary analysis
purposes, however, an accurate predictioncan be achieved using the
approximate time constants as given.

The Earth rotation effect mainly causes a slight phase shiftin the
nutational and orbital modes of the satellite. Thus, for an accurate
frequency prediction, this effect should be included.

(61)

D. Comparison with Numerical Results
The values of the parameters chosen for this purpose are those
of the ITOS satellite in a circular orbit of altitude 1000 km and

an inclination of 60 deg. The satellite parameters are I, = 155.3,
I, = 1355, I, = 1389 kgm?, and & = 26.6 kg m*. For these
parameter values, € = 0.0054.

The stability criteriaof the roll/yaw motion of the satellitebecome

K} < 52164 K3, Ki>0

These criteriacan be shown to be quite accurate by performing some
numerical simulations near the stability boundaries.

Next we select specific values of K} and K and compare
the numerical and GMS results. The specific values selected are

=0.2 and K} =2 or, equivalently, K; =1.349 x 10° Am?*/T

and K, =7.358 x 10® A m? s/T. For the selected numerical values,
the approximate frequencies and time constants from the GMS re-
sult are @, =0.1834 rad/s and T, =526 s (nutational mode) and
®, =0.000998 rad/s and T,, =26,905 s (orbital mode). The com-
parisons of the results are presented in Fig. 3. The nutational and
orbital frequencies are shown to be predicted accurately by the
GMS method. The time constants of the motion as predicted by
GMS method are also accurate. Based on this discussion, we see
that, for small values of K, the approximations obtained by us-
ing the GMS approach lead to a good agreement with the exact
solution.

) C.06 -
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0.04 f\
0.02r

/\/\/\/\/\/\/\/\/\

T T T T

—— Numerical -
= - GMS

o \/vv\/\/\/\/\/v\,
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Fig.3 Comparison of numerical and GMS results for roll motion.
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VI. Conclusions

The attitude control of single- and dual-spin satellites using spe-
cific control laws that utilize the geomagnetic field has been an-
alyzed. Only satellites in circular Earth orbit are considered. The
analysis shows that the control laws considered (with the proper
choice of gains) can provide the necessary damping to obtain an
asymptotically stable system.

Results in a parametric form were obtained using the GMS
method. Each dominant mode of the satellite motion is systemati-
cally separated by using proper time scales, leading to insight into
the nature of the system dynamics. The time scales used in deriving
the results are complex and nonlinear.

A good agreement between the analytical GMS approximations
and the numericalintegrationis alsodemonstrated. The accuracycan
beimprovedby includinghigher-orderterms in the derivation. Over-
all, however, for preliminary analysis purposes, the approximations
obtained are accurate and lead to considerableinsightinto the com-
plex nature of the satellite dynamics.
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